Building upon the work of Carl Pomerance and others, the central purpose of this discourse is to discuss the distribution of base-2 pseudoprimes, as well as improve upon Pomerance's conjecture regarding the Carmichael number counting function [8].
Introduction

Background Information
Fermat's little theorem, also known as Fermat's criterion, states that for any integer b, n is prime if b n ≡ b (mod n).
(1.1.1)
When (b, n) = 1, we can divide by b, b n−1 ≡ 1 (mod n).
(1.1.
2)
It is important to note that n does not need to be prime to follow the congruency given in (1.1.2). In fact, Fermat's criterion can only ensure that n is probably prime for there are odd composite integers called pseudoprimes to an arbitrary base b ≥ 2 which satisfy (1.1.2).
Previous Results and Derivations
Erd®s proved [1] that for the pseudoprimes dened in (1.1.2), Lemma 1 (Erd®s 1950 ). lim x→∞ P π b (x) = o(π(x)), where P π b (x) is the number of base-b pseudoprimes ≤ x for b ≥ 2. Thus, the number of pseudoprimes is always less than the number of primes.
Although the claim established in Lemma 1 is rather elementary, Erd®s went on to formulate an upper-bound [11] for the pseudoprime counting function.
#{w ≤ x : l 2 (w) = n} ≤ x · L(x) −1+q(x) , lim x→∞ q(x) = 0.
(1.2.1)
Thus, the number of base-b pseudoprimes for suciently large x ≥ x 0 (b) is [11] , Lemma 4. We extend Erd®s' proof [2] to prove that there exist innitely many square-free base-b pseudoprimes for b ≥ 2 with 2 ≤ α(x) = k γ << log x log log x distinct prime factors following extremely closely from the case for base-b demonstrated by Erd®s. Proof. Let {x j } ∞ j=1 be an integer sequence of base-b pseudoprimes such that each term is greater than its preceding term, and α(x i ) = k γ − 1, for any x i in {x j } ∞ j=1 . If we let p i be one of the primitive prime factors of b 3 Pomerance proved that P π 2 (x) ≥ exp{(log x) Lemma 5. In a similar manner to Lemma 4,  we extend Szymiczek's proof [12] to prove that for any base-b pseudoprime, b ≥ 2, having k γ ≥ 2 distinct prime factors and for x suciently large,
Proof. Let n be a pseudoprime with 2 ≤ k γ << log x log log x distinct prime factors. From Zsigmondy's theorem, it follows that there exists a prime p > n such that p | b n−1 − 1 and n − 1 | p − 1 for b ≥ 2. The latter statement is due to the fact that since n − 1 is the smallest exponent such that p | b − 1 and divides an exponent h such that p | b h − 1, it follows from Fermat's little theorem that p | b 
It then follows that for every base-b pseudoprime n with k γ distinct prime factors, n = p 1 p 2 · · · p kγ ≤ log b x, there is at least one base-b pseudoprime r such that r = p 1 p 2 · · · p kγ p < x.
Ratios
We present the following relations:
Theorem 6. For any xed 2 ≤ k γ << log x log log x , let P π b kγ (x) denote the base-b counting function for pseudoprimes with k γ distinct prime factors, and let P π b (x) denote the base-b counting function. Asymptotically,
Proof. We can express the ratio
as such,
since the maximum number of distinct prime factors k(x) of any integer ≤ x is k(x) << log x log log x . Let log b j x denote the the j-fold iteration of the base-b logarithm. By Lemma 5,
Hence, there are two cases we shall initially consider separately:
• Case A:
• Case B:
Let us rst consider Case A, which implies that for suciently large x,
and
We now consider Case B, which implies that for suciently large x,
and log x log log x k=kγ +1
Note that
Combining Case A and Case B, we derive,
Thus, Theorem 6 follows.
Conjecture 7. For any xed k ≥ 2, let C k (x) denote the base-b counting function for Carmichael numbers with k distinct prime factors, and let C b (x) denote the base-b Carmichael counting function. Asymptotically,
This conjecture follows from the results presented in [8] . We rst state Corollary 5 from the same paper, 2.13) and for log log
exp O log x log log x + k log log log x , (2.2.14)
exp log x log log x + k log log log x . 
log k−log log( 2 log x k log log x ) log( log x log log x ) exp log x log log x + k log log log x , (2.2.16) implying that C(x) will overwhelm C k (x) for any xed k ≥ 3.
Remark 9. We can relate the statements in Theorem 6 and Conjecture 7 to their composite superset. Let the number of composites ≤ x with k ≥ 2 distinct prime factors be denoted by π k (x) and let the number of composites ≤ x with k ≥ 2 prime factors (not necessarily distinct) be represented by τ k (x). Hence, we can prove upper and lower bounds for π k (x). Due to 22.18.2 in [7] for k ≥ 1, 2.17) where
k−1 for k ≥ 2 by 22.18.24 and
. Thus, it follows that
In the same respect, a lower bound for π k can be formulated. By 22.18.3, To summarize,
By the Erd®s-Kac Theorem, we can formulate the probability that a number near x has k distinct prime factors using the fact that these numbers are distributed with a mean and variance of log log x. Hence, setting log log x as the λ of the Poisson distribution P(k; λ) and taking its limit for any xed k, 2.22) where the asymptotic error bound is given by O( 1 log log x ) [13] . However, just because the probability of a general composite near x having k distinct prime factors goes to 0, does not necessitate that this probability will hold for either P π b kγ (x) or C k (x). (Galway 2004 ). Allow p, q, and d be odd primes, allow P 2 (x) to represent the counting function for odd pseudoprimes with two distinct prime factors, and P 2 (x) := #{n ≤ x : n = pq, p < q, P π 2 (n)}. Hence, Conjecture 11 (Pomerance 1981) . The distribution of base-2 Carmichael numbers is given by, 2.6) and ω a,b,c (p) is the number of distinct residues modulo p represented by a, b, c.
Pseudoprime Distribution
Based upon Theorem 6 and Conjecture 7, it should now be easy to derive an expression for the distribution of pseudoprimes.
Conjecture 13.
Note that the relation given in (3.3.1) conjecturally holds because the number of distinct prime factors used for both the Carmichael numbers and pseudoprimes is at the minimum. The reason being is that the minimum number of prime factors, k min , for each counting function is xed, whereas k max = log x log log x varies with x and any k min < k << k max can be arbitrarily chosen.
Thus, However, due to the weakness of Conjecture 11, (3.3.2) is not an improvement of (1.2.2).
Thus, until C(x) can be improved, then P π 2 (x) can be improved as a result.
Carmichael Number Distribution for Larger Bounds
In a similar vein, Conjecture 14. Note that the relation given in (3.4.1) conjecturally holds because the number of distinct prime factors used for both the Carmichael numbers and pseudoprimes is at the minimum. The reason being is that the minimum number of prime factors, k min , for each counting function is xed, whereas k max = log x log log x varies with x and any k min < k << k max can be arbitrarily chosen.
Assuming (1.2.2), we can improve Conjecture 11 as such:
Conjecture 15. The number of base-2 Carmichael numbers ≤ x given by the counting function C(x) is conjectured to be, 4 Strong Pseudoprime Distribution
The weakness of the criterion mentioned in (1.1.1) and (1.1.2) can obviously be strengthened.
A strong pseudoprime to an arbitrary base b ∈ [1, n − 1] is dened as follows for n and k odd and n − 1 = 2
In [17] , Monier proved, Lemma 16 . Take the r to be the largest odd factor of n−1 and let v(n) be the largest number for which 2 v(n) | p − 1 for p | n, where p is a prime. Thus, Proof. Let ξ(n) := S(n) n−1 and let A i=log 2 n denote the set of odd i-bit integers. Thus, Φ, the probability that a selected pseudoprime from a uniform distribution to an arbitrarily chosen base b ∈ [1, n − 1] is a strong pseudoprime base-b, is formulated as,
, (4.0.10) where n∈A i ξ(n) is over the base-b pseudoprimes. From [16] , it is trivially true that
, (4.0.11) where n∈A i ξ(n) is over the composite integers. The estimation of an upper-bound for (4.0.11) is explicitly given in [16] and we point the reader to the proof described therein.
(4.0.12)
Hence, based upon the concavities of P π b (n) and SP π b (n), we deduce (4.0.9).
Conjecture 18. From (1.2.2) and (4.0.9), for suciently large
. presented by Zhenxiang Zhang [14] reduces the margin of error signicantly.
Lemma 19 (OPQBT). If we let OP QBT E (n) denote the probability that the same odd composite n = p 1
β k passes the One-Parameter Quadratic-Base Test, then for one 1 iteration,
if n is nonsquare free with k = 1
if n is squarefree with k = 2
if n is squarefree with k = 3
if n is squarefree with even k ≥ 4 1 119726 , if n satises equation 5.25 in [14] 1 226521 , if n satises equation 5.26 in [14] where 1 ≤ γ ≤ k.
We propose a rather trivial alternative, that is, to combine the Randomized Quadratic Frobenius Test (RQFT) of Jon Grantham [15] with the OPQBT test. Thus, 1 iteration in this proposed algorithm would run the RQFT test and if n is not determined composite, a subsequent OPQBT test will be run. In its worst case, the algorithm should have an asymptotic run-time of 7 selfridges; in its average worst case, the algorithm should have a run-time of 5 selfridges; while on average for most composites, the algorithm will have a run-time of 3 selfridges.
Theorem 20. If we allow ϑ E (n) denote the probability that the same odd composite n = p 1 β 1 p 2 β 2 · · · p k β k passes the RQFT+OPQBT algorithm, then for one 1 iteration, if n satises equation 5.25 in [14] with k = 5, 7, 9
5.72201 · 10 −10 , if n satises equation 5.26 in [14] with k = 5, 7, 9
1.83354 · 10 Proof. The proof trivially follows and is thus omitted. 
